We investigate the reduction process of a k-symplectic field theory whose Lagrangian is invariant under a symmetry group. We give explicit coordinate expressions of the resulting reduced partial differential equations, the so-called Lagrange-Poincaré field equations. We discuss two issues about reconstructing a solution from a given solution of the reduced equations. The first one is an interpretation of the integrability conditions, in terms of the curvatures of some connections. The second includes the introduction of the concept of a k-connection to provide a reconstruction method. We show that an invariant Lagrangian, under suitable regularity conditions, defines a 'mechanical' k-connection.
Introduction
The Lagrangian equations of a first-order field theory are a set of second-order partial differential equations in the unknown fields φ A (t), depending on k parameters t α . For a Lagrangian L(q A , u A α ), they are of the form
with (q A = φ A (t), u A α = ∂φ A /t α (t)). In the literature, there exist many geometric models that describe classical Lagrangian field equations. Just to name a few, we mention the polysymplectic [28, 17] , the n-symplectic [24] , the k-cosymplectic [20] , the multisymplectic [5, 7, 14, 18] and the jet [19, 29] formalisms. The main differences between all these models depend on e.g. the choice one makes for the geometric and the differentiable structure of both the space of parameters t α (such as e.g. spacetime) and the space of fields φ A . The model we will use in this paper is the one of k-symplectic field theory, as developed in e.g. the papers [2, 15, 25, 26] . The space where the derivatives of the fields, ∂φ a /∂t α , live is identified in this setting with the so-called tangent bundle of k 1 -velocities T 1 k Q. In many ways, one may think of k-symplectic field theory as the model that resembles the closest the standard symplectic formalism of both Lagrangian and Hamiltonian mechanics on a tangent and a cotangent bundle, respectively. It characterises the (regular) field theory in terms of a certain class of so-called 'k-vector fields' on T 1 k Q, which are literally collections of k individual vector fields.
In the last few years there has been an increasing interest in field theories with symmetry, and in their reduction (see e.g. [3, 4, 11, 12, 21, 30] and the references therein). Depending on the nature of the space of fields, the reduced PDEs are often referred to as the 'Lagrange-Poincaré field equations' or the 'Euler-Poincaré field equations'. The general idea behind symmetry reduction is that, when a dynamical system (be it a set of ODEs or PDEs) is invariant under the action of a symmetry Lie group, the system can be reduced to one in fewer variables which is presumably easier to solve. The second step in the process is to reconstruct a solution of the original dynamical system from a given solution of the reduced system.
The main goal of the paper is to show how both the reduction and reconstruction process works in the context of k-symplectic field theories. The method that has been followed the most up to now in the literature (for different geometric models of Lagrangian field theories), depends on a reduction of the variational principle that generates the Lagrangian equations. By contrast, we will show that the k-symplectic model is ideal to follow a somewhat different procedure, which is similar to the one that has been used in the paper [23] for Lagrangian systems with symmetry. In our formulation of reduction below, we will bring the k-vector fields to the front, rather than the (unreduced or reduced) PDEs they produce.
After some preliminaries (in Section 2) we discuss in Section 3 some results about the integrability conditions of the PDEs that can be associated to an arbitrary invariant k-vector field X on a manifold M . Under the assumption that the reduced equations on M/G are integrable, we will give an interpretation of the remaining integrability conditions in terms of the curvature of some connection ωφ ,X .
We then specify to the case where M = T 1 k Q, and the dynamics to those given by a Lagrangian k-vector field. In Section 4 we present a new formulation of the Lagrangian k-vector fields on T 1 k Q in terms of a non-standard local frame of vector fields on Q. In the presence of a Lagrangian with a symmetry group G, we identify in Section 5 the action under which the Lagrangian kvector fields are invariant, and we show that they can be reduced to k-vector fields on the reduced space (T 1 k Q)/G. We end Section 5 with a computation of the coordinate expressions of these vector fields and their associated PDEs (which represent the Lagrange-Poincaré PDEs in this context).
At the end of Section 5 we turn back to our interpretation of the integrability conditions, for the case of a Lagrangian k-vector field and we make the link, in our setting, to some results about 'reconstruction' that have appeared in the paper [11] . There, a big role is played by two connections A ρ and Aσ. We will show how these connections (i.e. their analogues, when translated to our setting) appear in our discussion about integrability, by decomposing the connection ωφ ,X into two parts.
The integrability conditions only guarantee that a solution may be reconstructed, but they do not tell one how to do so. In Section 6 we discuss, first for a k-vector field X on M , a reconstruction method that allows one to re-assemble the solution, from a given solution of the reduced equations and from a map that takes values in the symmetry Lie group. This part of the problem involves the introduction of a new concept, that of a principal k-connection on the principal bundle M → M/G. It is an appropriate generalization, to the level of k-tangent bundles, of the notion of a principal connection. We end Section 6 by showing that, on M = T 1 k Q, such a connection is naturally available for a Lagrangian field theory with symmetry (up to a certain regularity condition on the Lagrangian). Since it resembles the so-called mechanical connection which appears in the context of a Lagrangian system whose kinetic energy is associated to a Riemannian metric (see e.g. [23] for a discussion on this topic), we have kept that name also for the case of field theories. We end the paper with an application of our results to the context of harmonic maps.
Integrability of a k-vector field
In this section we recall the concept of a k-vector field, and of an integral section of a k-vector field. Parts of this section can be found in more detail in the papers [2, 25, 26] . We finish the section with a useful integrability criterion for a k-vector field in terms of an associated connection.
Connections and curvature
In what follows we will often use non-linear connections, on many bundles. To set notations, let us recall briefly their definition. Let p : E → B be a fibre bundle. For e ∈ E, the vertical space V e E at e is given by the kernel of T e p : T e E → T p(e) B. It gives rise to the so-called vertical distribution V E = {V e E|e ∈ E}. We can put this in a short exact sequence of vector bundles over M , 0 → V E → T E → E × B T B → 0,
where the middle arrow j : T E → E × B T B is given by v e → (e, T p(v e )). A connection on p is either given by a right splitting γ : E × B T E → T E (i.e. a linear map satisfying j • γ = id), or by the corresponding left splitting ω = id − γ • j : T E → V E ⊂ T E.
The above short exact sequence naturally extends to the level of sections of the corresponding bundles over M ,
The tangent bundle of k 1 -velocities
Let τ M : T M → M be the tangent bundle of a differentiable manifold M . We will use the notation
k M can be identified with the manifold J 1 0 (R k , M ) of k 1 -velocities of M . These are 1-jets of maps from R k to M with source at 0 ∈ R k . For this reason the manifold
In what follows, we will denote coordinates on R k by (t α ) = (t 1 , . . . , t k ) and use bold face letters u to denote elements (
These naturally induce coordinates (x I , u I α ) (with
, such that u I α are the components of the α'th vector u α of u along the natural basis of T m M .
Let ϕ : M → N be a differentiable map. In what follows, we will make use of the canonical prolongation of ϕ, which is the induced map
The first prolongation ψ (1) of a map ψ :
In local coordinates, we have
Given that T 1 k M is the Whitney sum of k copies of T M , by projecting a k-vector field X onto every factor, we see that it consists of a family of k vector fields
2. An integral section of a k-vector field X, passing through a point m ∈ M , is a map ψ : U 0 ⊂ R k → M , defined on some neighbourhood U 0 of 0 ∈ R k , such that ψ(0) = m and X • ψ = ψ (1) , where ψ (1) is the first prolongation of ψ.
A k-vector field X on M is integrable if there exists an integral section passing through every point of M .
An integral section ψ of the k-vector field X, consisting of the vector fields X α = X I α ∂/∂x I , satisfies
and therefore, in view of (3), we get in local coordinates
As is the case for any vector bundle, by considering products of the bundle with its dual, we may consider forms and tensor fields on it. For example, we will speak of a (1,1) k-tensor field on M when we mean a (1,1) tensor field on τ 1
. Locally, we can write for X = (X α ) that A(X) = Y, with Y J β = A Jα βI X I α . As a special case, one may consider a (1,1) tensor field A on M , and extend it to a (1,1) k-tensor field, by putting
In an analogous terminology, we will speak of (r, s) k-tensor fields on M .
An equivalent formulation that makes use of the flow φ t of the vector field X is then
The corresponding Leibnitz-property is then
We can easily extend the Lie derivative to k-tensor fields. In particular, we have
for a (1,1) k-tensor field.
The connection associated to a k-vector field
An arbitrary section of the trivial bundle π :
Elements of the first jet bundle J 1 π can then be identified with couples in R k × T 1 k M , as follows:
Each k-vector field X = (X 1 , . . . , X k ) defines a special type of jet field on π, given by
that is: a section of the canonical projection π 1,0 :
In local fibered coordinates the section is given by
This means, locally, that ψ : R k → M must satisfy the equations (5), or that it must be an integral section of X. The k-vector field X is therefore integrable if and only if it is associated jet field (Id R k , X) of π is.
It is well-known that jet fields may be interpreted as connections (see [29] for details). In particular, the jet field (Id R k , X) of a k-vector field can be identified with a connection on the trivial bundle R k × M , i.e. with a splitting of the short exact sequence
and there is a similar expression for its horizontal lift. The left splitting ω X :
One easily verifies (see e.g. Proposition 4.6.10 in [29] ) that the jet field (Id R k , X) is integrable, or equivalently: that the k-vector field X is integrable, if and only if the curvature K X of the associated connection vanishes. This is equivalent with [X α , X β ] = 0, or
for all x ∈ M .
Integrability of an invariant k-vector field
In this section we study the above integrability criterion for the case of a G-invariant k-vector field. We examine its relationship to the integrability criterion of its reduced k-vector field.
Invariant k-vector fields
Let Φ : G×M → M be a free and proper action of a connected Lie group G on M . Then, the projection π M : M → M/G on the set of equivalence classes defines a principal bundle structure on M . A vector field W on M is said to be invariant if
In that case, the relationW
uniquely defines a reduced vector fieldW on M/G.
We also have that
that is,W (f ) is the reduced function on M/G of the invariant function W (F ) on M .
We will denote by
is also free and proper and, therefore,
and therefore is each composing vector field X α a G-invariant vector field on M .
Let us denote by ξ M the fundamental vector field for the action Φ, associated to an element ξ of the Lie algebra g. Recall that, if G is connected, a function f on M is invariant if and only if ξ M (f ) = 0 for all ξ ∈ g. Likewise, a vector field X on M is invariant if and only if [X, ξ M ] = 0 for all ξ ∈ g. In terms of the Lie derivative we had introduced in Section 2, we obtain that X is invariant if and only if L ξ M X = 0, for all ξ ∈ g. Definition 3.2. The reduced k-vector field of a G-invariant k-vector field X = (X α ) on M is the k-vector fieldX on M/G whose composing parts are given by the reduced vector fieldsX α of X α , given by
From relation (4) and the above definition ofX α we can easily conclude:
Integrability and curvature
In this section we consider a principal fibre bundle π M : M → M/G. We wish to examine how the integrability of an invariant k-vector field on M relates to the integrability of its reduced k-vector field on M/G.
From now we will use local coordinates on M defined as follows. Let U ⊂ M/G be an open set over which M is locally trivial, so that (π M ) −1 (U ) ≃ U × G. We will use coordinates (x i , x a ) on a suitable open subset (π M ) −1 (U ) (containing U × e) such that (x i ) are coordinates on U , and (x a ) are coordinates on the fibre G. Then, the local expression of the projection
In these coordinates, the left action of G onto (
We can write any k-vector field X on M as
If X is G-invariant then the functions X i α are invariant functions on M . They can therefore be identified with functions on M/G. The reduced k-vector fieldX = (X α ) we had defined in Definition 3.2 is given byX
From (7) we know that the connection associated to the reduced k-vector fieldX is given by right splitting
of the short exact sequence
We will denote its curvature by KX.
Proposition 3.2.
(1) If X is integrable, then so is also the reduced k-vector fieldX, i.e. KX = 0.
(2) IfX is integrable then the vector fields [X α , X β ] take values in the vertical distribution of π M , which can be identified with M × g.
Proof. Both properties easily follow from the fact that
WhenX is integrable the remaining vertical part of the bracket [X α , X β ] is locally given by
In the calculation of these brackets one should take into account that all partial derivatives of the functions X i α with respect to variables x a vanish, because the components X i α are G-invariant. In the remainder of this section, we will show that we can also give an interpretation of that vertical part (15) , as the curvature of some connection.
Letφ : R k → M/G be an integral section of the reduced k-vector fieldX on M/G. Consider the pull-back bundle π 2 :φ * M → R k :
This is a G-principal bundle. Let us use i for the inclusion i :φ * M → R k × M . We will use p for a point inφ * M , and (t, m) for its inclusion (1) Ifφ : R k → M/G is an integral section of the reducedX thenφ satisfies
) and where γX is the connection associated toX.
(2) The following diagram is commutativȇ
Proof. Both properties are immediate consequences of expression (14) and of the fact that φ :
that is to say, the pullback bundle structure naturally induces coordinates (t α , x a ) onφ * M . In these coordinates, tangent vectors V p toφ * M (in a point p) are locally of the form
From the relations
we can deduce that
Here we consider X i α as a function on M/G, and therefore X i α •φ as a function on R k . Vertical vectors for the bundle π 2 at the point p are those with T α = 0, and may therefore be identified with elements in R k ×V m M , where V M is the vertical distribution of π M : M → M/G. A connection onφ * M is therefore a splitting of the sequence
The connection map of the connection γ X is a map ω X :
, it follows from (8) and (19) that
The second element is clearly π M -vertical in M , and we may use it to define a connection on φ * M .
Definition 3.3. The principal connection γφ ,X onφ * M , defined as a connection map, is given by
In coordinates, if we represent V p as in (18), then
Likewise, for the corresponding horizontal lift T h of a vector field T = T α ∂/∂t α on R k , we obtain, from (22),
From now we shall denote the map pr 2 • i by π 1 .
The curvature of this connection is then (with T = T α ∂/∂t α and S = S α ∂/∂t α two vector fields on R k ):
If we take into account that
and that, since X i α are invariant functions, ∂X i α /∂x a = 0, we easily see that
When we compare this to expression (15), we may conclude from Proposition 3.2 that:
is integrable if and only if
(1) its reduced vector fieldX is integrable (i.e. its curvature as a connection vanishes) and (2) the curvature of the connection ωφ ,X vanishes for each integral sectionφ :
Ifφ is an integral section ofX then there will exist an integral section φ of X that projects on φ provided that the curvature of the connection ωφ ,X vanishes.
In Section 6 we will give a method that will enable us to actually reconstruct such an integral section φ.
We can, in particular, use the proposition above to characterize the integrability of the EulerLagrange equations (1) of an invariant Lagrangian L. For that case, we have to take M = T 1 k Q and X = Γ, a Lagrangian k-vector field.
Decomposition by making use of a principal connection
We will show in this section that, by making use of a principal connection ω M : T M → T M on π M : M → M/G, we can re-express the vanishing of the curvature of the connection ωφ ,X in more convenient terms. We also show that, in stead of defining this connection directly, as we did in Definition 3.3, we could also have constructed it in two consecutive steps.
Suppose we are given a principal connection on the principal bundle π M : M → M/G. We will consider three sets of vector fields {X i }, { E a } and { E a } on M . The first set, {X i }, is given by the horizontal lifts of a coordinate basis of vector fields ∂/∂x i on M/G by the given principal connection. These vector fields are G-invariant by construction, and they form a basis of the horizontal subspace at any point. The two other sets of vector fields, { E a } and { E a }, will both form a basis for the vertical space of π M at each point.
The vector fields { E a } are the fundamental vector fields on M , associated to a basis {E a } of the Lie algebra g. They are in general not invariant vector fields. Since they are vertical by construction, we can write
for some non-singular matrix-valued function (K b a ). The vector fields E a in the last set are defined as
where we are using the local trivialization (12) and where the notation ξ M refers again to the fundamental vector field of ξ ∈ g. One easily verifies that these vector fields are all invariant.
The relation between E a and E a can be expressed as
where (A b a (g)) is the matrix representing ad g −1 : g → g with respect to the basis
the invariance of X i amounts to ∂γ b i /∂x a = 0. One easily verifies that the Lie brackets of the vector fields of interest (see e.g. [23] ) are as follows:
Here C c ab are the structure constants of the Lie algebra g, K a ij are the components of the curvature of the principal connection (with respect to the vertical frame E a ) and Υ b ia = −γ c i C b ca . The vertical lift allows us to identify invariant vertical vector fields on M with sections of the adjoint bundleḡ = (M × g)/G → M/G, as follows: LetĒ a be the local section x → [(x, e), E a ] G , then (X aĒ a ) v = X a E a (see e.g. [8] ). The horizontal lift of the principal connection maps the vector fieldX = X i ∂/∂x i on M/G to the invariant horizontal vector field X h = X i X i on M . The decomposition of a G-invariant vector field X into a horizontal and a vertical part is then
Both coefficients X i and X a can be identified with G-invariant functions on M , and therefore with functions on M/G.
For two G-invariant vector fields X and Y on M , the bracket [X, Y ] is again G-invariant and one can verify that
see e.g. Theorem 5.2.4 in [6] , or [22] . Here
is the curvature of the connection ω M , if one takes the identification between sections of the adjoint bundle and vertical vector fields into account. The bracket [X,Ȳ ] is the Lie bracket on sections of the adjoint bundleḡ → M/G (which is a Lie algebra bundle), given by
and the connection ∇ is the induced connection on the adjoint bundle, given by
(1)X is integrable and
Proof. The integrability of X is measured by the vanishing of the brackets [X α , X β ]. But we have now,
The first condition means that the curvature ofX, regarded as a connection, must vanish. If we set
then from (23), (25) and (26), the relation with the notations in the preceding paragraph is
In coordinates, the second condition in Proposition 3.4 is
From Proposition 3.3 we know that we may identify this expression with the vanishing of the curvature of the connection γφ ,X for each integral sectionφ, i.e. it is equivalent with the condition (15).
We will need the expression (33) later in Section 5.4. For later comparison with [11] , we show how one can use the principal connection ω M to split the connection γφ ,X in two parts.
Consider again the pull-back bundleφ * M → R k . Let us denote the map p ∈φ * M → m ∈ M , as before, by π 1 . Then we can define a new principal connection ωφ onφ * M as
Tangent vectors toφ * M (in a point i(p) = (t, m) with φ(t) = π(m) ∈ M/G) can now be represented in the form
The relationship between Y c andỸ a of expression (19) is theñ
A local expression for this connection is then
Suppose that we are now also given a sectionX = (X α = X a αĒa ) ofḡ k → M/G. We can vertically lift it to the section (X a α •φ)Ē a ofφ * M and add it to the connection ωφ to form a new connection onφ * M , with
From (32), (35) and (36), we see that the connection ωφ ,X is the same as the connection ωφ ,X we had introduced in the paragraphs above.
Canonical operations on
In this section we will assume that Q is an n-dimensional differentiable manifold, whose local coordinates are given by (q A ). We will denote the natural coordinates of T 1 k Q by (q A , u A α ). In the next paragraphs we briefly recall some canonical objects and structures that can be defined on M = T 1 k Q. Most of them find their natural analogue on a tangent bundle, when k = 1 (see e.g. [9, 10] for that case).
We will assume throughout that a point v = (q; v 1 , . . . , v k ) ∈ T 1 k Q is given, with τ 1 Q (v) = q ∈ Q. For a tangent vector Z q ∈ T q Q, we define its vertical α-lift at v, Z Vα v , as the vector tangent to the fiber (
We can, of course, extend this operation to the level of vector fields. If Z = Z A ∂/∂q A is a vector field on Q, then its α-th vertical lift Z Vα is the vector field on T 1 k Q whose local expression is
There is a corresponding notion of a complete lift Z C . If the vector field Z on Q has local 1-parametric group of transformations ϕ t : Q → Q, then the local 1-parametric group of transformations
One may easily establish the following properties for the brackets of complete and vertical lifts:
With a local frame on Q we will mean a basis for the C ∞ (Q)-module structure of the set of vector fields on Q, that is to say: If {Z A } is a frame on Q, then each vector field Z on Q can be written as Z = Z A Z A , for some functions Z A on Q. Likewise, each tangent vector v q ∈ T q Q can be decomposed as v q = v A Z A (q), for some real numbers v A . From the local expressions (37) and (38), we can easily conclude that:
The canonical k-tangent structure on T 1 k Q is the set of (1,1) tensor fields (
Alternatively we can define S α , for its action on vector fields, as the unique (1,1)-tensor field on T 1 k Q for which S α (X C ) = X Vα and S α (X V β ) = 0. Its local expression is
The Liouville vector field ∆ ∈ X(T 1 k Q) is the infinitesimal generator of the flow
In local coordinates it takes the form ∆ = u A α ∂/∂u A α .
Second-order partial differential equations
Maps like φ : U 0 ⊂ R k → Q will play the role of the fields of the theory. The differential equations of interest, however, are second-order partial differential equations, and will be defined on M = T 1 k Q, rather than on Q. We will turn next to the characterization of those integrable kvector fields on T 1 k Q which have the property that all their integral sections are first prolongations
For Γ = (Γ α ) this definition is equivalent with the property that, for all w = (w α ) ∈ T 1 k Q,
For k = 1, the definition of a sopde reduces to that of a second-order ordinary differential equation field (often called sode).
In local coordinates we obtain that the local expression of a sopde Γ is
for some functions (
, is an integral section of a sopde Γ then we obtain from Definition 2.2 and expression (41) that
From this, we obtain the following proposition, see [2, 26] .
Moreover, φ is a solution of the system of second order partial differential equations given by
Conversely, if φ : R k → Q is a map satisfying (42), then its prolongation φ (1) is an integral section of Γ.
From (42) we deduce that if Γ is an integrable sopde then (f α ) A β = (f β ) A α for all choices α, β, = 1, . . . , k. We will call φ a solution of Γ, whenever φ (1) is one of its integral sections.
Lagrangian sopdes
We are now all set to describe the Lagrangian field theory of interest: the k-symplectic formalism. In this context, a Lagrangian is a function L on T 1 k Q. By using the k-tangent structure S α , we may introduce a family of k one-forms
We may also introduce the energy function
is non-singular at every point of T 1 k Q.
For the rest of the paper, we will assume that L is regular. In [2, 25, 26] it has been shown that, under that condition, all k-vector fields Γ = (Γ α ) on T 1 k Q that satisfy the condition
must be sopdes. Moreover, if Γ is a sopde, the above relation is equivalent with 
When applied to a vertical lift Z V β , we simply get an identity "0=0". In view of Proposition 4.1, we can conclude therefore:
or, equivalently, if for each local frame {Z A } of vector fields on Q,
In particular, if we take the standard frame {∂/∂q A } on Q, the equations (44) become
From this, it is easy to see that, if
which are the Euler-Lagrange equations (1) of the field theory.
In what follows, however, we will rather need the equivalent expressions (44) of these equations, expressed in the so-called quasi-k 1 -velocities of a given frame {Z A } on Q.
Definition 4.4. The quasi-k 1 -velocities of the element v = (v α ) ∈ T 1 k Q with τ 1 Q (v) = q along the local frame {Z A } on Q are the real numbers v A α , for which each v α can be written as
We can therefore use (
Assume that X = (X α ), with
where [Z B , Z C ] = R D BC Z D is the 'curvature' of the frame. Lemma 4.1. A sopde Γ, written in terms of quasi-k 1 -velocities, takes the form
Proof. This is a consequence of Proposition 4.1 and of the properties T τ 1
To end this section, we say a few words about regularity in terms of a non-standard frame. 
Proof. If we set Z A = Z C A ∂/∂q C , then the matrix Z = (Z B A ) of functions on Q is non-singular in each point. We have
where the right-hand side can be interpreted as the matrix multiplication of 3 (nk)-square matrices. Given that the determinant of the matrix (Z C A δ γ α is k det(Z) = / 0, we easily see that also the determinant of the matrix in the left-hand side never vanishes.
Symmetry reduction of a Lagrangian k-vector field
In this section we show that, if the Lagrangian is G-invariant, then so are its Lagrangian sopdes. The integral sections of the reduced sopde will provide the Lagrange-Poincaré equations. We finish this section with a study of the integrability of a G-invariant sopde and its reduced sopde.
Invariant Lagrangian sopdes
Suppose we are given an action Φ by G on Q. As before, we will denote by ξ Q the fundamental vector field corresponding to ξ ∈ g. We have seen in Section 3.1 that this action may be lifted to one T 1 k Q. From the definition of a complete lift in Section 4.1, it follows that the fundamental vector fields ξ T 1 k Q of this action are actually the complete lifts ξ C Q of the fundamental vector fields ξ Q of the action on Q.
From Proposition 4.3 we know that the Lagrangian sopdes Γ are those that satisfy the EulerLagrange equations (44). Without loss of generality we may suppose that the local frame {Z A } consists of only invariant vector fields (for example, we can use the invariant frame {X i ,Ê a } that we had introduced in Section 3.3). Proof. This follows from the bracket relations (39):
We will use coordinates (q A ) = (q i , q a ) on Q that are adapted to the principal fibre bundle structure Q → Q/G, as explained in Section (with now M = Q). If the quasi-k-velocities on T 1 k Q with respect to the frame {Z A } are given by v A α , then the couple (q i , q a , v A α ) represents coordinates on T 1 k Q. We shall show that the coordinate functions
If in local coordinates
From (37), (38) and (48) we can conclude the following relations.
Lemma 5.2. Let Z be a vector field on Q, f a function on Q, and θ a 1-form on Q. Then
If Proof. The fundamental vector fields ξ Q are vertical with respect to the projection π Q : Q → Q/G, and therefore ξ C Q (q i ) = ξ Q (q i ) = 0. From Lemma 5.2 we obtain
For the remainder of the paper we will suppose that the Lagrangian L is invariant under the action Φ T 1 k Q , for a connected G.
In view of what we said before this means that ξ C Q (L) = 0 for all ξ ∈ g.
Recall that, if {E a } is a member of a basis of g, we have used the notation E a = (E a ) Q for its associated fundamental vector field on Q.
Proposition 5.1. The Lagrangian k-vector fields Γ of a regular invariant Lagrangian L are G-invariant.
Proof. Given that all the vector fields in the expression Γ
A are invariant, and given that also the quasi-k-velocities are invariant functions, we only need to check that
this will be the case if we can show that the functions (Γ α ) A β are invariant. When we apply the vector field E C a to both sides of the equations (44), we may interchange the derivatives E C a and Z C A , etc., because of their zero Lie brackets. One easily establishes that, in view of
By making use of expression (49), this is equivalent with
Given that the matrix (Z Since Γ is invariant, it reduces to a k-vector fieldΓ on (T 1 k Q)/G. The goal of the next few sections is to provide a coordinate expression of this k-vector field. To do so, we will need to invoke a principal connection on the bundle Q → Q/G.
Local frames of vector fields on T 1 k Q
Suppose we are given a principal connection on the principal bundle π Q : Q → Q/G. In what follows, we want to re-express a Lagrangian k-vector field Γ in terms of a local frame {Z A } on Q. We have now two choices to do so: either by making use of {X i , E a } (not an invariant frame) or by {X i , E a } (an invariant frame), see Section 3.3 (with now M = Q). When we choose the frame {X i , E a }, we will write (q i , q a , v i α , w a α ) for the coordinates and the corresponding quasi-kvelocities on T 1 k Q. If we use {X i , E a }, we will denote them as (q i , q a , v i α , v a α ). From Lemma 5.1 we know that the frame {Z C A , Z Vα A } = {X C i , X Vα i , E C a , E Vα a } consists only of invariant vector fields on T 1 k Q. Also the coordinate functions q i , v i α , w a α are G-invariant functions on T 1 k Q and, therefore, they can be used as coordinates on (T 1 k Q)/G. In summary, we may say that the canonical projections are locally given by
Lemma 5.4. If we apply the vector fields
Proof. Let {ϑ j , ̟ a } be the dual basis of {X i , E a }. From the bracket relations (27), we can see that L X i ϑ j = 0 and that
, the first row in the Lemma follows. The other properties follow in the same way.
Lemma 5.5. The projections of the G-invariant vector fields X C i , X Vα i , E C a , E Vα a onto T 1 k Q/G are locally given, respectively, by
Proof. From the expressions in Lemma 5.4 and the relation (11) between an invariant vector field and its reduction, we obtain:
Since (q i , v i α , w a α ) forms a set of coordinate functions on (T 1 k Q)/G, this determines the vector field completely. The same idea allows us to prove the other relations.
The reduced Lagrangian sopde: Lagrange-Poincaré field equations
Assume that an invariant Lagrangian L ∈ C ∞ (T 1 k Q) is given. Then, its derivatives by invariant vector fields, i.e. the functions
, are invariant. From relation (11), we can therefore write
where
From Proposition 4.3, we know that Lagrangian sopde Γ satisfies, with respect to the frame
. By making use of the fact that each Γ α is an invariant vector field on T 1 k Q, it follows from (11) and (50) that the reduced vector fieldsΓ α satisfy
Taking into account the result in Lemma 5.5 we can rewrite these equations as
A sopde can be written as
We have already established in the proof of Proposition 5.1 that the functions ( Γ α ) j β and ( Γ α ) a β are invariant, and that they can be identified with functions on (T 1 k Q)/G. From Lemma 5.5, we see that:
Lemma 5.6. The reduced vector fieldsΓ α on (T 1 k Q)/G of a Lagrangian sopde Γ α are given by
) is an integral section ofΓ then it satisfies, in view of relations (51), the Lagrange-Poincaré field equations,
The equations above agree with the Lagrange-Poincaré equations as they appear in [11] , if one takes two issues into account. The first is that the current setting (the k-symplectic formalism) is different from the one in [11] (a jet bundle formalism). One way to relate the two approaches is by choosing the base space of the jet bundle to be simply R k × Q, and to assume that the Lagrangian does not depend explicitly on the parameters t α . The second issue is that only coordinate-independent expressions appear in [11] , at the price of assuming to have an extra covariant derivative at disposal. This covariant derivative is actually only required to give a geometric sound meaning to all the separate terms in the equations, but it disappears from the equations when one only considers their coordinate expressions. This observation is already apparent when one considers only the simplest case of Lagrangian mechanics (with k = 1 in the current setting), see e.g. the first remark on page 35 of the booklet [6] . If one takes the above remarks into account, and if one calculates coordinate expressions of the Lagrange-Poncaré equations as they appear in [11] , the two sets of expressions compare. In the special case where the configuration space Q coincides with the symmetry group G, the equations simplify to equations on ( These equations agree with those in [4] , when one considers coordinate expressions.
We have established, in view of Proposition 3.1 that a solution of the Euler-Lagrange equations (1) projects onto a solution of the Lagrange-Poincaré equations (53). However, we can not conclude that any solution of (53) can be extended to one of (1) . For that reason, we need to study the integrability conditions of the Lagrangian k-vector fields Γ.
The integrability of an invariant sopde
We now specify the results of Section 3 to the case where the k-vector field X is a sopde Γ on M = T 1 k Q. We will also draw an analogy with some results of the paper [11] , when translated to the current framework.
Recall that we are working with the lifted action of G on M = T 1 k Q. As we had done in Section 3.3, we may introduce the vector fields
They correspond with the invariant vector fields we had introduced in expression (24) (or (25)), but now for the lifted G-action
To proceed as in Section 3.3 we need a principal connection on the bundle
It will be most convenient to define this connection by means of its connection map that takes values in the Lie algebra g.
The fact that this connection is principal, follows easily from the fact that the connection ω Q is, and from the property T τ 1
We will denote the corresponding connection map by
For later use we give the decomposition of a sopde Γ in its horizontal and vertical part, with respect to the connection ω T 1 k Q . If we write Γ α as in expression (52)
When we compute the reduced vector field of this horizontal part, using the expressions of Lemma 5.5, it, of course, coincides with the expression of the reduced vector fieldsΓ α we had obtained in Lemma 5.6. The decomposition (31) on M = T 1 k Q for Γ α , using the connection ω T 1 k Q , is then:
that is to say: in the notations of Section 3.3 the sectionΓ α ∈ Sec(ḡ → (T 1 k Q)/G) has coefficients X a α = w a α . We know from Proposition 5.1 that a k-vector field Γ of an invariant Lagrangian L is G-invariant on T 1 k Q. Next to requiring the integrability ofΓ, the integrability of Γ is guaranteed if the coordinate expression (33) is satisfied. In it we need the curvature of the vertical lift connection
From the defining relation, and from the coordinate expressions, it is clear that ω T 1 k Q has the property that, if the vector fields W ∈ X(T 1 k Q) and X ∈ X(Q) are τ 1 Q -related, then so are the vector fields ω T 1 k Q (W ) and ω Q (X). There exists a similar property for the horizontal lifts that correspond to each of the two connections. We will denote the horizontal lift of ω Q by h, and the horizontal lift of ω T 1 k Q by h k . We will also use the notationτ 1 Q for the projection
For two pairs of such vector fields, it follows that
. From all this, we may conclude that that the curvatures
) are τ 1 Q -related whenever the arguments areτ 1 Q -related. Here () v stands for either the vertical lift associated to the fibre bundle
From this property we may deduce that the only non-vanishing curvature coefficients of
Likewise, for the adjoint connection, ifW is a vector field on (T 1 k Q)/G that isτ 1 Q -related to a vector fieldX on Q/G, and ifZ is a section of (T 1 k Q × g)/G that is related to a sectionȲ of (Q × g)/G, then one may show that (∇
Again, in terms of the connection coefficients of the connection ∇ T 1 k Q , this means that the only connection coefficients that matter are those of ∇ Q .
We can now easily compute the coordinate expression (33), for the case X = Γ. We reach the following conclusion: 
In terms of the integral curves (q
This condition represents the analogue of expression (3.29) of [11] in our formalism. Since we are also assuming that the reduced k-vector fieldΓ is integrable, i.e. [Γ α ,Γ β ] = 0, we find that, among other, the integral curves satisfy
When Q = G, we simply getΓ
which is our analogue of the condition about vanishing curvature in Theorem 3.2 of [4] . If we use the vertical lift ω T 1 k Q to define the connections ωφ and ωφ ,Γ that appear in the expressions (34) and (36) of Section 3.3, we get our analogues of the connections A ρ and Aσ that appear in the paper [11] in their section on 'Reconstruction conditions'.
Reconstruction
The integrability conditions we have discussed so far only give necessary and sufficient conditions for an integral section of the invariant vector field to exist. They do, however, not provide a method by which one can actually construct such a section. In this section, we provide such a method in Section 6.2. First we need to define the notion of a k-connection.
k-connections and principal k-connections
Consider a fibre bundle π : M → N , with local adapted coordinates (x i , x a ). In this section we introduce the notion of a k-connection on π : M → N . We can extend the short exact sequence (2) to the level of T 1 k M , as follows:
The middle arrow is now given by j k :
Locally, γ k will be of the form γ k : (
We will denote the corresponding right splitting, thought of as a (1,1) k-tensor field on M , by ω k : X k (M ) → X k (M ). Any k-vector field X on M can be decomposed into a horizontal part X − ω k (X) and a vertical part ω k (X).
Given a k-vector field Y on N we can define its horizontal lift as the k-vector field
, where, from now on, we will use the notation
We now give two examples of k-connections. A third example, what we have called 'the mechanical connection', is given in Section 6.3.
It is easy to see that we can construct a k-connection from a genuine connection γ M on π : M → N , given by
The map γ M is locally given by γ M (x i ; x a ,ẋ i ) = (x i , x a ,ẋ i ,ẋ a = Γ a i (x)ẋ i ), for some connection coefficients Γ a i . In this case, B aβ iα = Γ a i δ β α . We will often refer to this kind of k-connections as those of 'simple' type.
Example 2. The sopde connection. Take M = T 1 k Q and N = Q, and assume that Γ = (Γ α ) is a sopde. Denote by S γ the (1,1) k-tensor field, given by
Then, with the definition of the Lie derivative (6) as we defined in Section 2, L Γγ S γ (sum over γ) is again a (1,1) k-tensor field on M = T 1 k Q. We can define a k-connection on the bundle T 1 k Q → Q by saying that its connection map (i.e. its vertical projector) is
It is easy to see that, for a sopde with Γ β = u A β ∂/∂q A + (Γ β ) A α ∂/∂u A α and a k-vector field with X β = X A β ∂/∂q A + (X β ) A α ∂/∂u A α , the βth vector field of the k-vector field ω k (X) is given by
where the connection coefficients are given by B Aβ Cγα = δ β α Γ A Cγ and
As the form of the connection coefficients B
Aβ
Cγα suggests, this k-connection is in fact of simple type. It is actually the one associated to the (genuine) connection on the bundle T 1 k Q → Q that was defined in the paper [27] for Γ.
In the special case that the fibre bundle π is a principal bundle π M : M → N = M/G, we can also define principal k-connections. In that case, we may identify the vertical distribution
We may also identify (V M ) k with M ×g k , so that the short exact sequence of interest is given by
Given a splitting γ k of this sequence, we can define a form ϑ k : T 1 k M → g k , as the map which has the property that
When expressed in terms of the (1,1) k-tensor field ω k :
In view of the definition of the Lie derivative we had given in Section 2, this is equivalent (when G is connected) with L ξ M ω k = 0, when we consider the action of ω on k-vector fields.
Likewise, we have for a principal connection that γ k (u n , gm) = gγ k (u n , m). Assume thatX is a given k-vector field on N . In view of the previous property its horizontal lift will satisfy X H (gm) = gX H (m). The k-vector fieldX H on M is thus always invariant, meaning that L ξ MX H = 0, for all ξ ∈ g. In coordinates, this means that the vector fields X β iα on M are all invariant, i.e. [X β iα , E a ] = 0. We briefly say a few words about the integrability of a horizontal lift. LetX be a given integrable k-vector field on M/G. For the special case with X =X H , Proposition 3.3 tells us that if X =X H is integrable then the curvature of ωφ ,X H should also vanishes.
From (19) and (55) we can write
where Z a is given by
Thus, from (21) and (22), we obtain
and for each α
We denote by g −1 (t)g (1) (t) the element on g k defined by
Lemma 6.1. When two maps φ, ψ : R k → M are related by φ(t) = g(t)ψ(t), for some g : R k → G, their prolongations satisfy
which means that
Proof. The following property is well-known (see e.g. [1] ). Let v h ∈ T h G and m ∈ M . Set
By using the Leibniz rule and the above property, we obtain
Here, ξ α stands for T g(t) L g −1 (t) (T t g( ∂ ∂t α t )), the αth component of g −1 g (1) : R k → g k . All the components together therefore lead to the desired property.
The reconstruction problem is the following one. What are the conditions on g(t) such that φ(t) = g(t)φ H (t) is an integral section of X? For that to be true, we must have that:
or, in view of the property (57), the invariance of X and the freeness of the action,
After applying the connection form ω k on both sides we get that g(t) must satisfy
This PDE in g will be called the reconstruction equation. If it has a solution g(t), an integral section φ(t) for X may be reassembled from an integral sectionφ(t) ofX. We have shown:
Proposition 6.2. Let X be an integrable and invariant k-vector field on T 1 k Q with integrable reduced k-vector fieldX. Letφ be an integral section ofX andφ H : R k → M a horizontal lift of φ. If g : R k → G is a solution to the reconstruction equation (59), then φ :
is an integral section of X.
In the next section we will consider again the case where X = Γ is given by Lagrangian field equations. For completeness, we mention that there are also reconstruction equations in the formalism of the paper [11] . Their reconstruction PDE in expression (3.32) can best be compared with our expression (58).
The mechanical k-connection
With respect to the notations of the previous paragraphs we take again M = T 1 k Q and N = (T 1 k Q)/G and X = Γ a Lagrangian sopde. In order for the reconstruction method to work, we need a k-connection on π T 1 k Q . We now show how to construct one from the given Lagrangian. The vertical space V k in the short exact sequence
can now be identified with
The set of vertical elements is spanned by elements of the form ξ a α E C a (v), i.e. couples of the type (ξ 1 , . . . ,
, we will show below how to define a splitting γ k (or, equivalently ω k ) of this sequence, under a certain regularity assumption for the Lagrangian.
Consider the k-symplectic forms ω α L of L. We define linear maps
where X, Y are vector fields on Q for which X(q) = u q and Y (q) = w q .
In the natural coordinates (q
In what follows, we will use the following notations for the coefficients with respect to the basis {X i ,Ẽ a } of vector fields on Q: v (w q , u q )). They give rise to the symmetric map
(sum over α, β). We will next define the mechanical k-connection Ω k :
(W) = v is said to be horizontal for the mechanical k-connection if it satisfies
This is equivalent with g
Since each element W α can be written in the lifted frame of {X i , E a } as
the condition for W to be horizontal becomes
If we assume that the Lagrangian is G-regular, we can conclude that a horizontal W = (W α ) takes the form
From this, we can conclude that every element of T 1 k (T 1 k Q) can be written in a 'horizontal' and a 'vertical part'. Indeed if
Remark that the expressions of HW α and VW α contain more than just the components of the α'th vector W α . The mechanical connection is therefore not of simple type.
The corresponding connection map Ω k :
the one that has the property that
If we write the sopde k-vector field Γ in terms of the frame {X i , E a } as
Proposition 6.3. The mechanical k-connection of an invariant G-regular Lagrangian is a principal k-connection on the principal bundle π :
Proof. The condition we need to check is This relation easily follows because, in view of relation (60) and the invariance of the Lagrangian, one can show that
Given that
for the inverse matrix g ab αβ . Using these properties and the expressionB γd αi = g bd βα g γβ ib we obtain the desired result.
which are the components of again a horizontal k-vector field. When ω k is applied to it, we will get zero and thus is (L E C a ω k )(H) = 0. With the same reasoning one may show that
Since Γ is G-invariant, and since the mechanical connection is principal, the horizontal component HΓ of Γ is the horizontal liftΓ H of the reduced k-vector fieldΓ. By definition the horizontal lift of an integral section (q i = φ i (t), v i α = φ i α (t), w a α = φ a α (t)) ofΓ is an integral section ofΓ H = HΓ α . In principle, we need to rewrite HΓ α in terms of the frame {Z A } = { E a , X i }, and use expressions (46) to calculate an integral section (
However, we only require the equations from which we may determine φ a H (t), since the remainder
) is determined by the reduced k-vector fieldΓ. In view of the first relations in (46) the equations for φ a H (t) are given by ∂φ a
where we have made use of the expressions X i = ∂/∂q i − γ a i E a and E b = K a b ∂/∂q a . When we use the mechanical k-connection, the reconstruction equation (59) becomes, in view of expression (61),
When we put everything together, we get:
Let L be a regular, G-regular, invariant Lagrangian. In order to carry out the reconstruction by means of the mechanical connection, one needs to solve successively (1) the Lagrange-Poincaré field equations (53) forφ(t) = (
(2) the equations (62) for φ a H (t).
(3) the reconstruction equation (63) for g(t),
to obtain the solution φ(t) = g(t)φ H (t) of the Euler-Lagrange field equations (1).
An application on harmonic maps
Harmonic maps are smooth maps φ : M → Q between two Riemannian manifolds (M, g) and (Q, h) which have the property that their tension field, given by
vanishes (see e.g. [16] ). Here g Γ δ αβ and h Γ A BC stand for the Christoffel symbols of g and h, respectively. In the special case where (M, g) is just R k with its standard Euclidean metric, it is well-known that the above conditions can be thought of as the Lagrangian field equations of the Lagrangian
For this Lagrangian, one may check that the k-vector field Γ with
is Lagrangian (we will simply write h Γ A BC = Γ A BC from now on). Let's assume that the metric h has a symmetry Lie group G which acts freely and properly to the left as isometries, and that the corresponding basis of invariant vertical vector fields is denoted by E a , as before. We may define a principal connection on Q → Q/G by declaring that horizontal vector fields lie in the complement of vertical vector fields. This is equivalent with saying that the vector fields X i on Q are defined by the relations h(X i , E a ) = 0 and by the fact that they project on coordinate vector fields on Q/G (this is, in fact, the definition of the 'mechanical' connection of the Riemannian metric h, see e.g. [23] ). We will set h ij = h(X i , X j ) and h ab = h( E a , E b ). These are all invariant functions. We will further assume that the vertical part of the metric, h ab , comes from a bi-invariant metric on G, or, equivalently, from an Adinvariant inner product on g. That is, we will assume that h ab are all constants satisfying
In view of Υ b ia = −γ c i C b ca , we also obtain that
From these relations, we may also see that δ αβ h db C b ac w c β w d α = 0 and δ αβ h ab Υ b ic w c β w a α = 0.
The reduced Lagrangian is l = From the first two equations, it is clear that the curvature K b ik of the connection acts as an obstruction for the reduced equation to be again of the type of a harmonic map (R k , δ αβ ) → (Q/G, h ij ).
In order to reconstruct the integral section of the field equations, we need to compute the horizontal liftφ H of an integral section ofΓ, with respect to the mechanical k-connection we had introduced in Section 6.3. This connection takes a rather simple form here. Indeed, it is clear that in the current setting, where we have defined the connection on Q → Q/G as the one for which h ia = 0, we have that g 
We will use an explicit example to show how one may reconstruct a solution, from a solution of the Lagrange-Poincaré equations. We will consider a 4-dimensional matrix Lie group G, whose typical element g = (x, y, z, θ) is of the type     1 y cos θ + x sin θ −y sin θ + x cos θ z 0 cos θ − sin θ x 0 sin θ cos θ −y 0 0 0 1
Left multiplication L g : G → G is then given by (x,ȳ,z,θ) → (x+x cos θ +ȳ sin θ, y −x sin θ +ȳ cos θ, z +z +(xx+yȳ) sin θ +(yx−xȳ) cos θ, θ +θ).
(67) In [13] it has been shown that this is a group representation of the Lie algebra whose only non-vanishing brackets are given by [e 2 , e 3 ] = e 1 , [e 2 , e 4 ] = −e 3 and [e 3 , e 4 ] = e 2 . One may find in [13] the following basis for right-invariant vector fields Remark, for later use, that it is independent of z.
We will consider the manifold Q = R×G with its natural G-action. We will denote the coordinate on Q/G = R by q, and (x, y, z, θ) for those on G, as before. The Riemannian metric h = dq ⊙ dq + γdq ⊙ dθ + dx ⊙ dx + dy ⊙ dy − ydx ⊙ dθ + xdy ⊙ dθ + dz ⊙ dθ satisfies L Ea h = 0, so that it is an invariant metric. The corresponding principal connection on Q → Q/G can be represented by the unique horizontal vector field X = ∂/∂q − γ∂/∂z which projects on ∂/∂q. Therefore, all Υ b qa = −γC b za = 0. In the notation of what preceded, we have h= h(X, X) = 1. The vertical part of the metric, (h ab ) = dx ⊙ dx + dy ⊙ dy − ydx ⊙ dθ + xdy ⊙ dθ + dz ⊙ dθ represents (as it was already mentioned in [13] ) a bi-invariant metric on G. We are therefore in the situation of the previous paragraph. We can use the reduced Lagrangian k-vector field (64) to compute integral sections (t α ) → (φ q (t), v q α (t), w x α (t), w y α (t), w z α (t), w θ α (t)) of the LagrangePoincaré field equations. They satisfy: Since the matrix A does not depend on z, the right-hand side of the reconstruction equations (66) contains only the constants c a β and b a . It is therefore of the form
for some other constants C a α (with, in particular, C θ α = c θ α ). With the help of the map (67), the expression of g −1 g (1) , with g(t) = (φ x g (t), φ y g (t), φ z g (t), φ θ g (t)) can be computed to be With that, the solution of (66) for φ z g is
If we use the left multiplication (67), one may easiily see that the solution φ(t) = g(t)φ H (t) of the Lagrangian field equations can be written as:
φ q (t) = c q α t α + b q , φ θ (t) = t 1 + b θ , φ x (t) =C x 1 sin t 1 −C 
